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Abstract
 
The subject of the present work is to determine the effective magnetic permeability of magnetorheological fluids (MR) subjected 
to the action of an external magnetic field. The anisotropy of the magnetic properties is assumed. Thus the effective coefficients 
of the permeability matrix instead of the single effective value are looked for. The method proposed here consists of two main 
stages. In the first stage the appropriate representative volume element (RVE) for MR fluid containing formed chains of particles 
is generated. To this end, the molecular dynamic method is applied. In order to describe the magnetic interactions between 
particles the modified fixed dipole model is used. For the prepared RVE the effective values of the permeability matrix elements 
are estimated. The direct numerical homogenization method based on the finite element is used. The calculations are performed 
for several different values of the volume fraction of particles. In the case of an ordered structure inside the RVE volume the 
evident anisotropy of magnetic properties is obtained. The value of effective permeability in the direction of the external 
magnetic field is approximately two times higher than in the perpendicular direction. Moreover, the calculations are repeated in 
the case when the particles in a MR liquid are "quasi" uniformly spread out inside the RVE volume ("quasi" isotropic state, the 
external field is switched off). In this case the MR fluid exhibits isotropic properties.
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1. Introduction 
Generally, the current work deals with the problem of determination of the anisotropic, effective magnetic 
permeability of the MR fluids. The proposed here method can be also adopted in evaluation of the effective electric 
permeability or the effective heat conduction. It consists of two main stages. At the very beginning the RVE of the 
considered MR fluid is created. To this end, the advanced method, known as molecular dynamic, is used. This 
algorithm allows tracking in time the evolution of the internal structure inside the MR fluid. For the obtained 
distributions of the magnetic particles, the direct numerical homogenization is performed. It can be done with aid of 
Finite Element Method. 
The comprehensive description of the molecular dynamic technology can be found, for example, in paper Allen 
[1]. Applying the classical formulation, which is described in the paper by Holm and Weis [2], the internal structure 
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inside the MR fluid, obtained from a numerical simulations, consists of simple, isolated, unidirectional strings of 
particles parallel to applied magnetic field. However, the internal structures, observed in practice, are quite different. 
Thus Barski [3] proposed the method, which is modified fixed dipol model (Keaveny and Maxey [4]). In this 
method it is assumed that the local, around the particle, effective magnetic permeability is anisotropic. Moreover, 
the magnitude of the permeability in the selected direction strongly depends on the distance between particle. 
 Having prepared an appropriate representative volume elements which contain chain-like structure of magnetic 
particles, the homogenization process can be performed. This task is generally solved with use of commercially 
available FEM package. Brosseau [5] studied the effective permittivity of random two - phase composites. In order 
to obtain the appropriate distribution of the discrete phase elements, he used the Monte Carlo method. The similar 
approach is applied by Krakovsky [6] in order to determine the effective properties of random two-phase composites 
composed of hard disks. The work by Ly et al. [7] is unique in this respect. In order to determine the magneto static 
forces between magnetic particles, the method based on the Green's functions is applied. It allows determining of the 
effective magnetic permeability directly. However, this approach have many other disadvantages. It is very  
time consuming and difficult in practical application. 
On the other hand there are numerous publications devoted directly the homogenization problem. Here can be 
quoted the work by Yin and Sun [8]. They developed the theoretical method of determining the effective magnetic 
permeability of the infinite string of identical particles immersed in infinite matrix. They assumed the transverse 
isotropy of the magnetic properties. Simon et al. [9] assumed that an internal distribution of particles inside the MR 
fluid can be treated as a periodic structure. Thus, the two - scale asymptotic expansion method can be applied.  
2. Molecular Dynamics Simulation 
It is assumed that colloidal dispersion is composed of identical spherical ferromagnetic particles with radius a. 
All particles are made from identical material. The material of each particle is characterized by relative permeability 
ȝp. In general, the relative permeability of ferromagnetic material should be treated as the function of magnetic field 
ȝp= ȝp(H0), but for moderate fields it may be defined as a constant. In the current work the magnitude of applied 
external magnetic field is not very height, thus the permeability of particles ȝp is consider as a constant. The relative 
permeability of a carried fluid ȝf is also constant and its value is very small in comparison with ȝp. (ȝp/ ȝf ~ 2000 ). 
The carrier fluid is modeled as a continuous liquid with constant dynamic viscosity Ș. Moreover, it is assumed 
that the particles interact with carrier fluid only via the hydrodynamic resistance force.  
Of the many types of interactions between ferromagnetic particles and between particles and carrier fluid, only 
three of them are taken into account, namely: magneto static attraction and repulsion between polarized particles, 
short range repulsion caused by the existence of the surfactant layers covering each particle and hydrodynamic 
resistance force acting on each moving particle. In the reality there are other forces which can interact with magnetic 
particles in carried fluid, for example: van der Walls attraction force, Brownian effect, gravity and so on. However, 
in case of MR fluid all mentioned above phenomena have very small influence on the behavior of magnetic particle, 
especially under external magnetic field [7]. Thus in the present work only the magnetic, hydrodynamic and short 
repulsive forces are taken into account. 
The simulations were performed for three, arbitrary assumed, value of volume fraction of particles, namely 
vf=17, 20, 23 [%]. The total number of spherical particles is constant and equal to N=510. All particles are identical 
with radius a=8.0 [ȝm]. In the current work the only one layer of particles is considered. In other word each particle 
can move only in two directions, namely in X and Y. The geometrical dimensions of the analyzed rectangular 
domain depends on the prescribed volume fraction of the particles. For mentioned above values of volume fraction, 
the horizontal dimensions are respectively 954.715x421.198[ȝm], 880.204x388,325[ȝm] and 820.794x362.115[ȝm]. 
Moreover, it is assumed that considered domain is a periodic cell. Thus it is surrounded by the cell, where the 
distribution of particles in each time step is identical. The intensity of the uniform, unidirectional external magnetic 
field is equal to H0=3.00e+4 [A/m]. Additionally, the dynamic viscosity of the carrier fluid is Ș=0.1[Pa s]. The time 
step is constant ¨t=1.0e-6[s] and the total time of the simulation is t=0.5[s]. Thus the number of performed time 
steps is 500000.  
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Fig. 1. Initial and final distribution of particles. vf=17 [%]. 
 
Fig. 2. Initial and final distribution of particles. vf=20 [%]. 
 
Fig. 3. Initial and final distribution of particles. vf=23 [%]. 
For the low value of the volume fraction, Fig.1, the strings of particles are rather isolated. Moreover, they are 
parallel to the direction of the action of external magnetic field. Number of particles is not connected to any chain 
and they are free suspended in the carrier fluid. For the higher values of the volume fraction, Fig. 2 and 3 
respectively, strings of particles are more irregular and more complicated aggregations can be observed, especially, 
in the Fig. 3. This structures are very similar to those, which are observed in practice. Thus, they can be considered 
as the representative volume elements for the further numerical homogenization. 
3. Numerical homogenization 
Taking under consideration the total number of particles and the shape of geometry inside the RVE, it is very 
difficult to generate an appropriate FE in this 3D case. Thus, here it is assumed that the investigated domains have 
only two dimensions. In other word, now there are circular areas, which modeled the magnetic particles, instead of 
the spherical volumes and they occupy the rectangular area filled with carrier fluid. This transformation makes 
possible to generate an appropriate FE mesh with acceptable number of nodes and elements. In order to perform the 
numerical calculations the commercial FEM package ANSYS 11 is used. The mesh consists of triangle shaped 
elements PLANE55 and it is automatically created with prescribed approximately element size about 0.2a. The 
PLANE55 element is taken from thermodynamic solver, but, taking under consideration the analogy between 
thermodynamic and magneto static analysis, it is very easy to adopt here this type of finite element. In case of initial 
distribution of particles the number of generated elements is 252360, 290180 and 340274 for the volume fraction 17, 
20 and 23[%], respectively. In turn, in case of the final structure the number of elements is 2542386, 291982 and 
358966 for the mentioned values of volume fraction. 
Due to assumed anisotropy of the considered MR fluid the matrix 2x2 of the unknown effective coefficients is 
investigated. At first the RVE is subjected to external magnetic field in X direction. On the basis of the FEM 
solution the average magnetic intensity and flux can be computed according to the following formulas: 
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where Ne stands for the total number of the FEM elements and A(k) denotes the area of the k-th element. Next, the 
RVE is subjected to the external field in Y direction and the appropriate average values are computed again. Now, 
the following relationships can be written: 
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where the superscripts (X) and (Y) denote the directions of the action of the external magnetic field. The unknown 
remain the effective coefficients of the permeability matrix <C>. In order to compute their values the appropriate 
system of four linear equation should be solved. This system is obtained from the relationships (2). 
Below the obtained results are presented. On the left side there are results computed for the initial configuration 
of particles - Fig. 1, 2, 3 and on the right side for the final distribution of particles immersed in carrier fluid.  
 
  Initial state    Final state 
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As it can be observed, the initial configuration reveals the isotropy of the effective magnetic permeability. The 
effective values of the off-axis coefficients are very small. These values should be considered as equal to 0. The 
values of other coefficient are almost identical and its values strongly depends on the volume fraction. If the volume 
fraction of particles increased the value of the effective magnetic permeability in both main direction also increases. 
Table 1. A convergence of the FEM solution 
Number of FEM elements Approximate size <C11> <C22> 
57966 0.40 a 2.10049 2.10383 
130292 0.30 a 2.09401 2.09674 
185800 0.25 a 2.09254 2.09538 
252360 0.20 a 2.09184 2.09461 
 
Completely different nature have the results computed for the final distribution of particles. Now the internal 
structure is strongly directed. It causes that the significant anisotropy of the effective magnetic properties is 
observed. The coefficient <C22>, which describes the effective permeability in direction parallel to the vector of the 
external magnetic field, is almost two times higher in comparison with coefficient <C11>. This element determined 
the effective magnetic properties in the perpendicular to the external magnetic field direction. Moreover, the off-axis 
Marek Barski / Procedia Engineering 10 (2011) 1585–1590 1589
coefficients can not be considered as equal to 0. The magnitude of their values are about two or three orders smaller 
in comparison with <C22> or <C11>. There is still open question if the effective properties are described by 
symmetric matrix. The performed numerical computations are not enough accurate to give the reliable answer. 
Another question concerning the convergence of the numerical solution. In other word, how the effective values 
depend on the size of the generated elements. Appropriate test was performed for the initial configuration of the 
particles. The FEM solution repeated several times with different approximate size of the triangle elements. In the 
Table 1 the obtained results are collected for vf=23[%]. It is worth to emphasis the fact that the resulting 
convergence is quite satisfactory. The effective coefficients of the permeability matrix are almost insensitive to the 
size of the FEM elements. In the case of the final configurations of the particles the average distance between the 
contacting particles in the chain has the crucial influence on the effective properties. In the performed simulation 
this parameter varies slightly depending on the volume fraction, namely from a/h=0.468 to a/h=0.465 for vf=23[%] 
and vf=17[%], respectively, where h is the distance between particles. 
 
 
Fig. 4. The scheme of the sub-domains analysis. 
Table 2. A results of homogenization of the particular sub domains for vf=23[%]. Initial configuration.  
Domain Effective relative permeability matrix 
Sub domain I 
»
¼
º
«
¬
ª
=
05995.200424.0
00436.009753.2
C  
Sub domain II 
»
¼
º
«
¬
ª
=
07312.200674.0
00610.009172.2
C  
Sub domain III 
»
¼
º
«
¬
ª
=
2332.201542.0
01639.015266.2
C  
 
The last question could be formulated in the following way: whether the N=510 particles creates the system, 
which is large enough to ensure the acceptable accuracy of the effective properties. In order to find the answer on 
this question the domain, which contains the final distribution of the particles for vf=23[%], were divided into 
several sub domains, according to the scheme shown in the Fig. 4. All edges of the domain are divided into four 
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equal segments. The upper left corner of the new sub-domain overlaps the upper left corner of the main domain. The 
length of the edges are 1/4, 2/4 and 3/4 of the main domain edges respectively. In the Table 2 and 3 there are 
collected the results computed for the described above sub-domains. The calculations were performed for the final 
distribution where vf=23[%]. 
As shown by the results collected in Table 2 and 3 the significant variations of the diagonal coefficients can be 
noticed for the smallest sub-domain. The variations of the off-axis elements are more significant, what is quite 
difficult for explanation. The results obtained for the basic domain in comparison with those, which are collected in 
Table 2 are quite reasonable. Thus it can be stressed here that the system prescribed at the beginning of the 
homogenization process is large enough. 
Table 3. A results of homogenization of the particular sub domains for vf=23[%]. Final configuration.  
Domain Effective relative permeability matrix 
Sub-domain I 
»
¼
º
«
¬
ª
=
60240.300533.0
00337.087418.1
C  
Sub-domain II 
»
¼
º
«
¬
ª
=
59335.301102.0
00041.087705.1
C  
Sub-domain III 
»
¼
º
«
¬
ª
=
34114.302230.0
03576.070107.1
C  
4. Conclusions 
The homogenization procedure was performed for several configurations of particles. For the initial, "quasi" 
uniformly spread out particles inside the RVE the obtained magnetic properties can be considered as isotropic. 
However, for the final distribution of particles the evident anisotropy of the effective magnetic permeability is 
observed. The chain-like structure, which is formed inside RVE when the external magnetic field is switched on, has 
the significant influence of the effective magnetic properties. 
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